We study the thermodynamical properties of a class of asymptotically conical (AC) geometries known as "subtracted geometries". We derive the mass and angular momentum from the regulated Komar Integral and the Hawking-Horowitz prescription and show that they are equivalent. By deriving the asymptotic charges we show that the Smarr formula and the first law of thermodynamics hold. We also propose an analog of Christodulou-Ruffini inequality. The analysis can be generalized to other AC geometries.
INTRODUCTION
Metrics which have the asymptotic form:
are generally referred as Asymptotically Conical (AC). Bisnovatyi-Kogan-Zeldovich's gas sphere, BarriolaVilenkin Global Monopole, the near horizon geometry of an extreme black hole in Einstein-Dilaton-Maxwell gravity, a black hole containing a global monopole and the cosmic string metric outside the string are all examples of asymptotically conical metrics. In this letter we study the thermodynamics of a special class of metrics of the asymptotic form (0.1), known as the "subtracted geometries" with p = 3, B = 4, Y = (8m 3 r) . The thermodynamics of these geometries is not known and we show that the subtleties lie in deriving the mass, asymptotic charges and gauge fields there. The conclusions here are generalizable to other cases of AC geometries and thus are of broader interest.
Subtracted geometries are solutions of N=2 supergravity theories coupled to three vector super multiplets [1, 2] . (For more on subtracted geometries see [3] and references therein.) They are obtained when one omits certain terms from the warp factor of the metric of the general black hole solutions of these theories. This allows one to write the wave equation of a minimally coupled scalar field in this slightly altered background in a completely separable way. Furthermore this also leaves the entropy and other classical thermodynamic properties of the original geometry unchanged near the horizon. The new geometry is asymptotically conical with a Lifshitz type symmetry, with time and radial distance scaling differently. The subtracted geometries can be treated physically as a black hole confined in an asymptotically conical box [4] .
The Lagrangian density of this N=2 supergravity coupled to the three vector multiplets, also known as the STU-model is given by: [5] :
where the index i ranges over 1 ≤ i ≤ 3. The four field strengths in terms of potentials are given by:
The four-charge rotating black hole metric is [5, 6] 1 :
The four gauge potentials and three axio-dilaton fields are given in [5] . For the subtracted geometry analysis we can take the gauge potentials A 1 = A 2 = A 3 ≡ A for gauge field strengths * F 1 = F 2 = * F 1 ≡ F and A 4 ≡ A for F 2 ≡ F . The gauge potential definitions of this letter differ from the ones used in [4, 5] by a factor of 1/2 to comply with standard literature convention. The subtraction procedure corresponds to replacing the "warp factor" ∆ 0 with ∆, where:
while keeping everything else unchanged. Importantly, this leaves the global structure unchanged, with two horizons at r ± = m ± √ m 2 − a 2 , with the same area and surface gravity there. (For the most general rotating black holes of the STU model with one more independent charge parameter [7] , the subtracted geometry was obtained and analyzed in [8] .)
STATIC CASE
In the static case we have a = 0. We parameterize our geometry by:
where N = X . In the HawkingHorowitz prescription [9] the mass is given by:
where dΩ = R 2 sin θdθdφ, K is the extrinsic curvature of the boundary two sphere and K 0 in our case, will be the extrinsic curvature of the two-sphere embedded in asymptotically conical geometry. Up to O(r −1 ) corrections we can show that N ∼ rR
. Calculating the Hawking-Horowitz mass, we get:
Our next task is to show that our geometry satisfies the Smarr formula and the first law of thermodynamics. The gauge fields 3 for the static geometry are given by:
dt , (0.11) the three dilatons: 12) and axions χ 1,2,3 = 0. At the outer horizon r + = 2m:
The asymptotic charges can be obtained from the Gauss law, employing (0.11) and (0.12):
(0.14)
The temperature and entropy are given by:
Using the above given thermodynamic quantities, one can easily show that Smarr's law:
and the first law of thermodynamics:
are satisfied. We would like to check that the Komar mass formula gives us the same results as the Hawking-Horowitz formalism. The Komar mass is given by: 
which diverges linearly with r. In the following we will show that this divergence gets regulated once we take the asymptotic gauge fields and charges into account. Defining,
allows us to show that:
Using the above relation for the case of static electrically charged subtracted geometry, we obtain:
21) As S t → ∞, A t (r) → 0 and thus only the term with A t (r) contributes. Furthermore we can identify that R 2 e ϕ F rt = Q, and thus obtain: 
The angular momentum in the Hawking-Horowitz formalism is given by:
where a, b run over r, θ, φ. h ab is the induced metric on the constant time hypersurface, N a is the shift vector and r a is the unit normal to the boundary two sphere. In the axially symmetric case of subtracted geometry the second term does not contribute because h ab does not have a φr-component. On the other hand the Komar integral for the angular momentum is given by:
where ζ µ (φ) is the rotational Killing vector and the area element dS µν = −2n [µ r ν] dΩ with n µ = e µ a n a and r µ = e µ a r a being the time-like and space-like normals to the surface S t . We can show the equality of (0.25) and (0.26) by employing:
It is a simple exercise to show:
Furthermore we can show that also in the rotating case the Smarr law:
continue to hold. Namely, in the rotating case, the gauge fields at θ = 0 at the outer horizon r + are given by:
where at the outer horizon
(The gauge potentials at θ = 0 and the three axio-dilaton fields are given in [4] .) Q and Q remain the same (0.14). S, T and Ω are the same as in the full geometry and are given by:
Using these equations in (0.29) and (0.30) we can show that the Smarr law and first law of thermodynamics are indeed satisfied.
SCALING LIMIT
There are two ways to obtain the subtracted geometries starting from the original ones. Firstly they can be obtained by applying the Harrison transformations [4, 10, 11] and secondly it can also be obtained via the scaling limit [4] . In this section we apply the scaling limit to the mass and angular momentum formulae obtained in the original black hole calculations and see how they agree with the subtracted geometry answers that we obtained above by direct calculations. The limit is implemented by means of the following scalings:
.
The scaling limit ensures that the entropy, the surface gravity, the angular velocity and the angular momentum are the same as those of the asymptotically flat black hole, with the result for the angular momentum confirmed by the independent calculation above. The matching of the mass formula is however more involved. The mass of the original four-charge STU black hole is given by: M = 1 4 m I cosh 2δ I . Its scaling limit is:
In the scaling limit the gauge potentials A 1,2,3 acquire an infinite constant term, not included in (0.32), which along with the large charges Q 1,2,3 ensure that in the Smarr relation, the product of original charges Q i = m sinh 2δ i with A i (i = 1, 2, 3) contain divergent parts which cancel the divergent part in (0.35). Furthermore the constant term 3m 4 in (0.35) is cancelled by a product of the subleading contribution in Q 1,2,3 and the divergent part of A 1,2,3 . The remaining contributions are due to the precisely quoted charges (0.14) and gauge potentials (0.32), thus verifying that the mass of the subtracted geometry is indeed M HH .
CONCLUSION AND DISCUSSION
It should be noted that our successful extension of a coherent black hole thermodynamic theory involving appropriately defined asymptotic charges to the case of subtracted geometries depends crucially on taking seriously their asymptotically conical nature. This differs both qualitatively and quantitatively from the the standard asymptotically flat and asymptotically AdS cases. Nevertheless the end result shares the universal features of those cases and gives further support to the idea that there are microscopic states or degrees of freedom (possibly stringy) counted by the entropy of black holes and the number of such states is insensitive to which environment they find themselves in.
Our analysis also resulted in the explicit expression (0.24) for M HH in terms of M irr , Q and Q. This expression lends itself to propose an analog of the ChristodulouRuffini inequality [12] :
Such an inequality can be tested, at least in time symmetric data context [13] by taking the scaling limit of the initial data results for the STU model. Furthermore for these initial data, the Einstein-Rosen Bridge structure is manifest from eq.(2.24) and eq.(2.25) of [3] where the reflection map of Kruskal-Szekeres coordinates (U, V ) → (−U, −V ) is an isometry that leaves the radial coordinate r invariant but fixes the U = const.V surfaces, which in regions I and IV are constant time surfaces. Thus the initial data of the asymptotically conical 3-metrics has to be joined by an Einstein-Rosen throat. Further study of these properties of the subtracted geometry is of great interest.
